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1 Introduction

This short notes tries to demystify the process of obtaismigtions of linear differential equa-
tions.

The first thing to understand is that given any big or smalbpm the solution process starts
with guessing a solution and then trying out if the guessde@d a solution. Most researchers
hide their intial guess- verify efforts when they publish their work. There is a desdo present
a polished work. But this is detrimental to the learning eabfi the published work.

In learning and teaching, the process of guessing a solutying it out, and then succes-
sively improving the guess should be followed as much asastmal.

In most fields of study, a general method is specialised ifemit ways to solve specific
problems. The specialisation is done to economise on tlweteffo obtain solutions. In the
learning process it's counterproductive to spend too muuk bn short-cuts. Instead all the
effort should be first concentrated on fully grasping theagahapproach. The easy availability
of computers should be used as an aid in learning. A gendrdi@omethod, once fully grasped,
can be easily programmed on a computer. Thus the mechatepsl is solving a problem are
eliminated. This makes it pointless to spend time and effortearning short-cuts.

Once the fundamentals are grasped, specialisation is awalgome. But a clear distinction
between general and special should be always maintainedéarner.

This idea can be illustrated in learning how to obtain sohsiof linear differential equations.
We use the guess verify — improve method to fully grasp the general solution methdahegr
differential equations.

2 First order Linear Differential Equation

Let us look at the following simple first order linear diffeteal equation:

& =azx, z(0)=mx (1)
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The solution of this equation (1) is a function which wherfeténtiated is a constant times the
function itself. Which function is that? The exponentiah@tion has this property,

deat

prai ae™. (2)

Sox(t) = e™ satisfies the differential equation (1) but not the initiahdition. We need to
modify our guess of:(¢) only slightly to satisfy the initial conditionz(¢) = zoe®. This solution
is known as the initial condition solution.

Now we look at the forced first order equation:

& = ax + bu(t), x(0) =1z (3)

whereu(t) is the forcing function.

As a first guess let’s see how our initial condition soluti@am delp us here. Let the guess
bez(t) = xoe™ + y(t), y(t) is as yet unknown function. It would make sense to impose the
conditiony(0) = 0. Substituting this guess in equation (3) gives,

arge™ +9y(t) = a (:Eoeat + y(t)) + bu(t)
= y(t) = ay(t) + bu(t) (4)

Equation (4) is similar to the original equation but withamtial condition.

As we did for the solution of the unforced equation (1), wesgua solution for the forced
equation (4) ag(t) = e“z(t), wherez(t) is as yet unknown function. Substituting this guess in
equation (4) we get,

y(t) = ae™z(t) + e™:(1) (5)

From equation (5) we can see that if
2(t) = e bu(t) (6)

theny(t) = e*z(t) is a solution of equation (4). This means that the solutiotheforiginal
equation (3) is,

t
2(t) = ze™ + e“t/ e “Tbu(T)dr. (7)
0

3 Second Order Linear Differential Equation

Now we look at the solution of the following homogeneous selorder linear differential equa-

tion. » p
T T
T et br =0, z(0) =g, 2/(0) = zj, (8)



3.1 Solution

To find a solution of the above differential equation (8), wstfguess a solution and then sub-
stitute it back in the equation and see if it satisfies the ggaThis process is very similar to
what we do to find roots of an algebraic equation. To see wipat oy functions may provide a
good guess we rewrite the above equation%;é:: —a‘fl—f — bx, and observe that higher order
derivatives are expressed as a linear combination of therlender derivatives. Which func-
tions have this property? Polynomial functions in time ddrvave this property (why?). Sine
and cosine functions differentiated twice result in a canstimes the function itself, so sine and
cosine functions show some promise and they are indeed goesbegs for equations where the
first derivative is missing, i.e% = —bz, but for a general equation (8) it can’t be used.

Drill Substitute a general functioAsin(Ax + ¢) in equation (8) and show that such a func-
tion can't satisfy a general second order differential ¢éigua

Since the sine function shows some promise let's go a stéipeiuand try a generalised trigono-
metric function ke**. On substitutingce’* into equation (8) we get,

N Eer 4 a ke + bke = 0. (9)
For the above equation to hold we need,
Nta+b=0 (10)

Equation (10) is known as the characteristic equation aritslsolution be\; and,. Then the
general solution of the differential equation (8) is given b

z(t) = kyeMt 4 ket (11)

3.1.1 Real Roots (Overdamped Solution)

The case wherg; and\, are real and distinct needs no further comment except teanital
conditions are used to find the values of the constangndk,. The case with equal real roots
is interesting and is covered later.

3.1.2 Complex Roots (Underdamped Solution)

When \; and )\, are complex they have to be complex conjugate (why?). Thians¢hat,
A1, Ay = a £ jw. The general solution can then be written as:

x(t) = ke 4 kot
= e ((ky + ky) cos(wt) + 7(ky — ko) sin(wt)) (12)
To satisfy the given initial conditions it must be true that,
Jw(ks — ko) + a(ks + ko) = 2/(0) (14)
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From (13) and (14) above, for real valuesugf)) andz’(0), £, andk, have to be complex con-
jugate.

Drill Prove that; andk, are complex conjugate.

For complex conjugatk, andk, we see thaj(k,; — k») is a real number. Denote:

ko= (k4 k)2 + (k1 — ko))? = 2kiky

L kith
¢ = ftan (](lﬁ—k&))

with the above definitions df and¢ the general solution (12) can be written in the form:
2(t) = ke® sin(wt + ¢) (15)

The two constants and¢ are solved for the given initial conditions.

3.1.3 Repeated Roots (Critically Damped Solution)

When the roots of the characteristic equation (10) are dfealthe solution is written differently
from (11) above. The characteristic equation such as (19}égeated roots when= a*/4 and
then the differential equation (10) can be written as:

d (dx «a a(dxr a
a(a*?)*a(aﬁx)—o (16)
Let p
A AT a
= 17
V= Tt (17)

with this definition ofy, equation (16) and its solution can be written as:

dy —a —ay
I + 2y 0=y =ke 2 (18)

Substituting the above solution back into (17) we get:

d a a a
O Y — ke ¥ = o = kyte 3t 4 kpe B (19)
dt 2
Like the previous two cases the initial conditions are usedlitain values of the constants

kq andkfg.



3.2 Forcing Functions

For an equation with a forcing functiof{t), shown below,

— +a— +bx = f(t), x(0) ==z, 2'(0) = xj, (20)

what has been described before is used to get the naturahssp

To find particular solution for a general forcing functiorai$it tedious. Particular solutions
can be easily obtained for certain forcing functions. Faregle, particular solution due to a
step forcing function is a constant, and due to a sinusoatalrig function is a sinusoid itself.
Its frequency is the same as that of the forcing functionsandibut its magnitude and phase are
different.

Earlier we saw that it was very simple to obtain a completatgwh to the first order equa-
tion (3). In the next section we use the same idea to obtautiealof simultaneous first order
differential equations.

4 SimultaneousFirst Order Differential Equations
The second order equation (20) can be written as two simedtamfirst order equations. Define

r = X (21)
Ty = I = Iy = —awe — bry + f(t) (22)

With the above definitions (21) and (22), the differentialagon (20) can be written in compact

matrix form as:
I 0 1 o 0
a]=1 ][]

We now write the above equation in the form,

X = AX + Bf(t) (24)

1 0 1 0
cefm]as] 3 1] 8]0 o5

We say that equation (24) is a vector version of equationl(8hking at the solution of equa-
tion (3) given in equation (7) we write the solution of eqoat{(24) as:

where

X(t) = o(1) [X(O) + /0 "o(—7)B f(T)dT} . (26)

The solution (26) is valid provided functiob(t) satisfies two conditions:

b(t) = AD(t) andd(t)D(—t) = I
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where/ is an identity matrix. Note that
t
%/ O(—7)Bf(r)dr = ®(—t)Bf(L). @27)
0
If (t) = AD(t) thend(t) = A?®(t), etc. We can use this fact to form a Taylor series for the
function®(¢) (note that®(0) = I, ®(0) = A, and®(0) = A?, etc.)
Ar AP

9] +T+... (28)

O(t) =1+ At +
It can be verified by direct evaluation that
O(t)P(—t) = T andD(t; + to) = D(t1)P(t2).

There exist many different ways to calculate the statesitiom matrix (¢). One of the
easier ways is to use a computer. The factorial terms in equé8) dominate after a few terms
for smallt. This with the propertyd(¢; + t5) = ®(¢;)P(t2) makes it very easy to calculate
state-transition matrix using a computer.

Simultaneous first order differential equations forrah order equation can also be written
quite easily. Let thexth order system be given as:

d"z d" dz*(0)

— = — =gl i=0,2,...,n— 1. 2
dtn _'_a/l dtnil + +anx f(t)a dtz x07 ? 07 ) y ( 9)
Then define:
r = X
Tr; = Q‘fl',l, i:2,...,n (30)
This gives,
Ty = — Z A;Tp—it1 + f(t> (31)
=1
Then first order simultaneous equations (30) and (31) can beenrds:
X = AX + Bf(t), X(0)= X, (32)
where
2 ] [0 1 0 -0 ] [0 ] 2 ]
T 0 0 1 0 0 x5
X = : ; A= : : Do , B=| 1], Xo:= :
Tpo1 0 0 0 | 0 h?
| T | | —Un —p1 —Qpp o —ap | 1 I xg_l |
(33
The solution of equation (32) is:
t
X(t) = () [X(©O) + [ ®(-1)Bf()dr] . (34)
0

This is all you need for any linear differential equation. éngral program can be written to
solve any differential equation without worrying aboutigais short-cuts.
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