Digital Signal Processing

The z-transform

* In the analog world we use complex phasors suexa&st)or exp(jwt)
as eigenfunctions of a system; the modification of these by the system
is the Laplace transfer function or Frequency response respectively. In
the digital realm we udigk)=z¢ as an eigenfunction;

y(K) = ih(i)f(k—i) = ih(i)zk'i =7 ih(i)z‘i =ZH(2) =f(K)H(2)

i=—c0 i=—c0 i=—c0

» Just as Analog Filter design utilises the Laplace transform from time to
s-domain, Digital signals make use of the z-transform fr¢time)
domain to the-domain.

H(z) = Z h(i)z™

I_—OO

» Thezvariable (like thes variable is complex valued) so represents a
two dimensional space, while th¢ransformH, is also complex
valued, so each point ndomain holds a complex value.

Properties

. Linearty  Z{ax(i)+by(i} =ax(2)+bY(2)
« Shifting zZ{h(i£n} =z""H(2)
- Convolution  Z{x())O y(i} =X(2)Y(2)

. Scaling z{ah(i} = H(%)

« Multiplication byi {”h(l)} D—ZE[T H(2)

» [To prove any of these properties simply insert the function into the
formula for thez-transform, and manipulate to the rearrangement given]
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Digital Signal Processing

Comments

Since thez-transform is a power series, it only exists for those areas of
thez plane where it takes finite values (Region of Convergence)

For finite duration signals thetransform exists for all points except at
the origin and infinity

For ztransforms that are the ratio of polynomials zhensform exists
for all points except at the poles

If a Fourier transform exists for a signal it is not necessarily the case
that thez-transform exists (only that its region of convergence includes
the unit circle on the-plane)

The inverse-transform is simpler when ttztransform is a ratio of
polynomials but generally;

h(i) = ;qu(z)z“ldz

where C is the contour that includes the origin.

(i)

Infinite Impulse Response Filter

| eee ‘Z-l

71 71 71 71
b(Z)w PN2)_“hn-)

> b(Hz" > y(i)
H(z) = —=5;,
1- é‘z a(k)z‘kE Z1
1 Z-l
y(i) = b(0) f (n) +b(D) f (i -1) +...
+b(N-2)f(i =N +1) + a(M-l)s
+ay(i -1 +a(2)y(i —-2) +...
+a(M)y(i M) a(M) 22
— |
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Poles and Zeroes

» To filter designers and control engineers alikezttransform is a complex
valued function (or surface) draped across the two dimengiqahe. This
surfaceH(z), is controlled by the placement of poles and zeroes. (Poles lift the
surface or “tent canvas” up, like “tent poles”, and zeroes fasten it to the plane
like “tent pegs”).

Im(z) * All uncancelled poles must be
within the unit circle for “stability”

» There must be at least as many

Re@ poles as zeroes for “causality”

Note the
conjugate » For real valued output poles and
g pairing zeroes must occur in conjugate paifis

» The factors of the numerator define the location of the zeroes, and the factorq of
the numerator define the location of the poles.

() = b(0)z° +b()z ' +...+b(N )z " _ (z-2)(z-2)...(z-2,)
S 1-a()zt-a@)z?-...-a(M)z™  (z-p)(z-p,)...(z-py)

Frequency Response

* Whenzis exp(jwt), (the frequency eigenvector), the magnitudeief
unity. This corresponds to the unit circle on zhane, so we can
determine the frequency response of the filter by examining the
“surface” above the unit circle — A “cookie cutter” profile! So when
w is zero,z = 1; the DC component. The normalised angular frequency
then increases around the circlat@ whenz=j, to 1t (or 41) atz=-1.

(As the frequency response of a sampled signal is periodic itis no
surprise that going around and around the unit circle results in a
repeated frequency spectrum.)

Im(z)
A

i
increasing w Im(z)

W=TT =0
0 W Re@)

w=-mr -1 1 -1 W L Re@
Jincreasing -w

)

~
!
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H.(2) = h(0) +h()z* +h(2)z” +...

Poles and Zeroes contd.

It is necessary for “physical realisability” that the number of poles of a
filter is equal to, or more than, the number of zeroes. i.e., the power of
the denominator is greater than or equal to the power of the numerator.

FIR filters have a-transform whose denominatorz¥ so the only

cause foH(z) to go infinite is whez is zero, i.e., the origin, (or when
zitself is infinite in which case the filter is not causal).

_h(O)ZN +h@)Z"t +h(2)2V 2 +...

ZN

At these locations the poles make the surface naturally drape so that al
frequencies (the unit circle) are affected equally. Therefore their
presence is only to ensure “causality” and in fact for each pole at the
origin there is one unit delay of the output of the filter.

z-transform and the DFT

As the DFT attempts to provide an estimate of the frequency content of
a signal at frequency sample poiRtsF (2 7k/N), it is not surprising

that we can find these samples on the unit circle omtiamsform

plane.

Let z=exp(j2k/N) in thez-transform formula;

H(2)= 3 h)z" = 3 h(i)exp(-j21i/N)

|=—00 |=—00

and the similarity to the DFT formula is obvious!
The N pointsz=exp(j2Zrk/N), Im(z)
are distributed equally around the unit
circle of thez-plane. i.e., equally
spaced in the frequency domain.

F)=F(D)=F*()

Dr Andrew Lambert
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Goertzel’'s Algorithm

» The DFT can be written as a convolution of the input with a complex

valued sequence;
N-1 N-1

F(K) = Z f(i)exp(=j2Tik/ N) =exp(j2 RN/ N)Z f(i)exp( 42 ik/N
N-1
=S f(i)exp(j2rk(N i)/ N) {f(i) Dexp(jati/ N))|_,
1=0
and so can be implemented as an FIR filter with impulse response,
h (i) = exp(—j2Tki / N)

» The frequency coefficierff(k) can be obtained as thith output value
of the filter above when forced with the input signal!

Goertzel’'s Algorithm contd.

» The FIR filter bank approach still requitddots ofN? operations so is not 3
saving, but if we realise that tk¢ransform of the FIR filter is actually a
geometric series, we can turn it into an 1IR for which the sumterms is;

) 1 x(i) _> y(i)
H(2) = |~ axp(=j kI N)Z*

exp(-j2rk/N)

» This changed-transform still describes the same frequency response, byt is

for an IR filter having a pole on the unit circlezatexp(2k/N),i.e., an
oscillator at the frequency representedl)!

» Therefore eack, may be calculated by forcing an oscillator of frequency,
27k/N, with the signal; taking thiéth output sample. Each filter requires
just one operation per input sampleNsoperations are required befdérek)
is obtained — same speed as DFT.

» The real advantage arises if we need only a limited dekdialues,
perhaps requiring differei for calculation.
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Implementation Diagrams

» The block diagram schematics we have drawn are known as
the “direct form” implementation of the filter. It is possibl&
however, to divide the filter into “second order sections”

y(0)

. . . r (
(usually by grouping conjugate pairs together), and s
implement using less memory, or requiring less MAC 71
operations, or requiring less moving of coefficients from e

memory to the ALU/DSP core etc. In fact we can specify
differentimplementations that are less affected by
guantisation of words.

X)) —1y0) x(»—»?—[ﬁ?@—> Y0

21
b1y ] Transposed @M b(l]@
-

» Direct Form Il o
a2 b(2)
b(2 Regular Direct Form Il

Conversions

» One can take a previously designed filter and change it, keeping its
form, but changing by substitution farits cutoff frequency;
, ZzZ'-a a= sn[(w, - w,")/ 2]
- -1 - T 1
l-az sinf(w, + w,")/2]
» from low pass to high pass;

4

L, Z'-a _ cos(w, — w,")/2]
T 1-az® cos[(w, + w,")/2]

* etc.
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Cascade or Parallel

A more complex filter can be implemented by converting it BIQUAD
sections, as these couple complex poles together, and they are most efficient tg
code.

The output of one filter is fed into the input of the next in the cascade section,
and the transfer function is:
H(z) = Hy(2).H,(2)---H,(2)

In a parallel implementation, each filter works on the same input, and the
outputs are added. Clearly, the delay through this arrangement is much less
than the cascade case. The transfer functions are obtained using a partial
fraction expansionesidue), and combine per:

H(2) = H, (2 +H, (2 +--- +H, (2
Note is any biquad is unstable, the whole filter is also.
Be aware of quantisation errors accumulating in the cascade implementation.

Group Delay
[Gp,W]=grpdelay (B,A,N);
The group delay is:

GD(w) = -9P@) /|

For an FIR filter which has by definition a linear
phase response, the group delay should be
constant and equal to the centre of the filter
coefficients.

Dr Andrew Lambert
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Looking Analogue....

First Order Section

Kirchoff's Analysis

L °y K
. ~out — H(S) =
 Transfer function v, SRC +1

Position of poles and zeroes on s-plane
Advantages of “active” filtering

Dr Andrew Lambert 8
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Transfer function - Generally

2 n
b, +bs+b,s” +... +b.S
a, +a,s+a,s +..+a,s"

_ (5-%)(s-7)...(s~7)
(S=Po)(S—Py1)...(S—Pm)

*We can express a polynomial in Matlab as a row vestct, [a
by its poles as a column vector,= [p,;p;;..; P, €tc.

*We can change between these representationswsingpts (a) ora=poly (p)
*We can plot the poles and zeroes on the s-plane psingp (b, a) or

pzmap (p, z) and display the frequency response usingde (b, a) or

fregs (b, a) etc.

*(Note the subtle difference betweenthele andfregs plots.)

H(s) =

a, a,] or

m o

The pole-zero map of an all-pole, sixth order, Butterworth LPF
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\ Refs)

*We can also visualise the surface of the transfer function over the s-plane usin
rationaltransformplot (b,a,2*w, ['log’,’sfreqonly’])

*To access this, and other added Matlab functions, you must include the path:
path (path,’ /home/course/ee-aca-m-files/ee3-design’);

IH()|

i’

The frequency response of an Analog filter is the height
above the imaginary axis{jw, —0<w<o)

Dr Andrew Lambert
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Poles and Zeroes (Analog Filters)

» Poles and zeroes must occucanjugate pairgdo implement a “real”
system unless they exist on the real axis.

» Poles must fall on theft side of the s-plane for stability
* You must havenore poles than zeroésr physical realisability (causality)

» Typically low pass filters have zeroes only at infinity, bandpass has zeroe]
at boths=0 and infinity, and high pass involves zeroes=t

» For each pole introduced the cutoff frequency may fall by 20 dB/decade or
6 dB/octave

» Theorder of the filter is the number of finite poles

» Try the positioning of poles and zeros using@placement
(Concentrate on poles in particular.)

v)

The GUI of thenySplacement tool.
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Transfer function (2 order)

¢ One can dermine the transfer function of a circuit using Kirchoff's analysis
¢ For the equal component low pass Sallen Key implementation
H(g = KI(RR,C,C,)
SZ+D1 + 1 +(1-K) 1 %_‘_ 1
[obr 1 RC,0 RR,CGC,
* In general, a high pass filter will have a transfer function;

Ks?
H(s) =
() s? + daws + o

whereK is the DC gaingd is the “damping” or bluntness of the knee of the bode plot.

Higher Order Filters

Repeated poles, or “cascaded” second order sectibt(s) =
H,(S).H,(S).Hy(s). Just collect poles and zero pairs, design second
order sections for each pair, then feed the output of the first section
into the second, etc...

Alternatively implement in “parallel” sbl(s)=H,(s)+H,(s)+H4(s).
Useresidue to do the partial fraction expansion.

Watch out for impedance mismatch between sections.

SIDE NOTE:

— Discrete capacitor values will limit the design. Once designed and
implemented, you can use the chosen values in a further Matlab
analysis to determine changes to pole positions etc.

Dr Andrew Lambert
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Common Analog Designs

There are many respected and well used filter designs which you can
adapt to your situation:

Butterworth filters give maximally smooth response

butter (N,w,’s’ [, typel)

Chebyshev filters trade off dB of ripple in pass or stop band for sharper
transitionschebyl (N, w,E, ’s’) andcheby2 (N,w,E,’s’) .The
order of the filtery, determines the number of ripples.

To determine the ordex, of a Chebyshev filter required for a certain
transition roll-off, usechebyord

If you have a vector of desired (complex valued) frequency resphrage

a set of specified frequenci&¥, you can get Matlab to design the filter
usinginvfreqgs (H,W,’s’)

Impulse Invariant Technique

A Laplace transform of the forrhl(S) = i results in an impulse
response of; S—R
e t=0
=1
t<O0

If we sample this impulse response at pefipde obtain the-
transform of form; ® T
H(z) = Z Ae?'z

L . 1=0 . . .
Which is a geometric power series, for which we can write the
convergent sum;

i.e. a pole ap in thes plane becomes a zerozat), and a pole at
z=exp(pT)

Dr Andrew Lambert
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Impulse Invariant Tech. Contd.

So we take an analog transfer function, rearrange it by a partial
fractions expansion into single pole filters (filters in parallel), perform
the pole mapping, and reassemble asransform expression.

There is one drawback to this, in that it relies on us adequately
sampling the analog impulse response. Thus only points spthee
with an imaginary component betweeatT-to TUT (the “primary
strip”) will be mapped correctly. Values outside this range will be
aliased back into the primary strip.

‘ Im(s)

T

Primary Strip

> Re(s)

Bilinear Transformation

We can perform a simple transformation fremlomain toz-domain
that avoids the aliasing problem

H(2)= H(s)\szg(l—z‘l)

(+zh
The transformation uses a non-linear mapping from the imaginary axis
of the Laplace domain to the unit circle of thglane, with infinity
being mapped to. Therefore low frequency features transfer
reasonably well but the higher frequencies are compressed.

To alleviate this “frequency warping” we can pre-warp the filter prior

to the transformation. L’y
| - ow,
7

Dr Andrew Lambert
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Getting back to Digttal Filters....

* The previous few slides indicate to you how
analogue filters may be designed using the
Laplace transform.

» Be aware there are differences from the
transform:
— We evaluate H(f) around the unit circle
Poles are stable if within the unit circle
Poles ar=0 just delay the output by one sample

The frequency domain is from to 11, with aliases ad-infinitum
(round and round the unit circle)

— Of course, we use H(2) to plot the surface.

Transfer function - Generally

b,+bz+bZz +..+b 7"
a +az+a,z +..+a z"
_ (z-7z)(z-2)...(z-Z)

(z=po)(z=p)-..(2—Py)

*We can express a polynomial in Matlab as a row vestcr, [a
by its poles as a column vector,= [p,;p;;..; P, €tC.

*We can change between these representationswsingpts (a) ora=poly (p)
*We can plot the poles and zeroes on the s-plane psingp (b, a) or

pzmap (p, z) and display the frequency response usingde (b, a) or

fregz (b,a) orzplane (b,a) orzplane (p, z) etc.

*(Note the subtle difference betweenthele andfreqgz plots.)

H(2) =

a, a,] or

m e
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Imaginary part
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TextEnd

-0.5

0
Real part

The pole-zero map of an all-pole, sixth order, digital Butterworth |

PF

-0.5

0

imag

m(2)

\ Re2)

*We can also visualise the surface of the transfer function over the z-plane using

rationaltransformplot (b,a,2*w, ["log’,’zring’])

*To access this, and other added Matlab functions, you must include the path:
path (path,’ /home/course/ee-aca-m-files/ee3-design’);

Dr Andrew Lambert
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The frequency response of an Digital filter is the height

imag

above the unit circlezEexp(w), T<w<Tm)

The GUI of thenyplacement tool.
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Phase distortion

» The advantage of using feedback in the IIR filter over using a FIR
filter is clear! However, one of the sacrifices made is that the filter is

no longer “linear phase”,

i.e., we can no longer just delay the taps of

the filter and obtain the same (albeit delayed) response.
» ltis therefore important that we investigate how the phase response of

the filter is going to distort the signal.

* One way around this distortion is two use a two pass method
(“£11t£ilt”) involving time reversal of the signal (This of course
means we must truncate the impulse response of the filter so we may

reverse it.)

Step 1: Pass the signal through the IIR filter

Step 2: Reverse the output

Step 3: Pass this signal through the same filter

Step 4: Reverse the output

» The result obtained has the desired linear phase, and the designed

magnitude response.

wherec,=b,+bga,

State Space Representatlon

| 10— @ 7 @
The regular direct form Il for filter 7
implementation can be drawn as shown, a(1) 4 (1)
where thai(n) are the states of filter. + ) e
Let s (n)=u(n-k)be the states of the filter
on thekth time through, then we can write Z1
) L . a(2) b(2) e
a “state equation” and an “measurement (),
equation” to represent the system; . u(n- 5)
° ®
m+Do @ & - ayos(o do ® .
S0+)5 B0 o%g(n)D B |
0 ! =0 1 ¢ OFO() 71
o og '”” : 560 a(M) E£21 b(M)
B0 D 0 - 18,00 B oD
s
ym=[e e o ey T7 7 Brbox(n) H@‘ﬂ
0F -7
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State Space Representation (contd)
Or more tidely put... s(n+1) = Ag(n) +Bx(n)

y(n) = Cs(n) + Dx(n)

These matrix equations suggest many permutations of the

implementation diagram, but the main advantage of this representation
is that the impulse response may be determined without resorting to the

z-transform or partial fraction decompositions...
O

0 n<o O

|

B, 0 n<0
s(n) = az’lAM-k-lBX(k) n>0 y(n) =
=0

) Dx(0) n=0
gz CANBx(k) + Dx(n) N>0

adj(Z v —A)

H(2) =C(2 s —A)*B+D =C
(9 =C(2d yuu —A) del( gy —A)

B+D

Finally, this representation is easily transmuted into a recursive filter

such as the Kalman filter...

A to D continued

OVERSAMPLING g-4)
Sy =20l0g,,(-3) +9l0g,(M)

f(t) d(t) Py u® — y(:)

u(t-1 z1t

1 bit
DtoA

B(z)=1+z"
H.(2=1@1+Zz") =z/(z+))

Dr Andrew Lambert
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OVERSAMPLING ¢-A) AtoD contd.

. _B@F(@+Q
Y(2)=B[F(9-C(AY(2]+Q=" B(2)C(2)
F(2) viz)
—»(% "B(2) " Q "
C(z
« Now let C(Z):l_Bg-Z)
1
and B(2) = m

then Y(2) = F(2) + H..(2).Q

Cepstrum

* The spectrum of the cepstrum is:
Xeep(2) = IN{ X(2}
ensuring the phase of X(z)usiwwrapped.
* So the cepstrunxreps)is:
X (1) = ZT ™ X (2}
» So what is it useful for? Consider corruption that is

convolved with the signal (e.g. channel) — taking In of the
z-transform product results in additive components:

I{X(2)H(Z} = Xy(2) + Heep(2)
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